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a b s t r a c t

We study the propagation of pH fronts in a narrow, pseudo-one-dimensional strip of gel containing
bromate, sulfite, ferrocyanide and aluminum ions. The front propagation speed v decreases with [Al3+]
as 1/v = 1/v0 + c[Al3+], where c is a constant. We determine the diffusion coefficients of protons and
ferricyanide ions and find that Al(OH)3 loaded in agarose or acrylamide gels binds protons reversibly,
thereby slowing the propagating fronts without significantly affecting the diffusion of ferricyanide ions.
We present a model that qualitatively reproduces the experimental behavior, and we suggest some
general principles governing autocatalytic fronts in buffered systems.

© 2009 Elsevier B.V. All rights reserved.
1. Introduction

Since the first discovery of dissipative patterns in the
ferrocyanide–iodate–sulfite reaction [1] (FIS system) almost 15
years ago [1–4], many attempts to reproduce these experiments in
other laboratories have been unsuccessful. Very recently, station-
ary labyrinthine patterns in the FIS system have again been gen-
erated [5]. Szalai and De Kepper [5] emphasize that their success
is based on the introduction of a charged polymer, poly(acrylate)
(PA), into the inert agarose gel. This polymer possesses carboxylic
side groups, COO−, that reversibly bind protons, thereby decreas-
ing the effective diffusion coefficient of H+. Although this very
plausible idea still requires experimental verification, it raises a
question about the role of ‘‘buffers’’ in pattern formation and
in front propagation in particular. If we look carefully at two
of the most extensively studied pattern-forming chemical sys-
tems, the chlorine dioxide-iodide-malonic acid (CDIMA) and the
Belousov–Zhabotinsky-AOT (BZ-AOT) systems, we observe that a
‘‘buffer’’ with small diffusivity is present in each of those systems.
In the CDIMA reaction, the role of the buffer is played by large
starch (or poly(vinyl alcohol)) molecules that reversibly bind I−3 ,
where I− (part of which is complexed as I−3 ) is the key activator
species in this reaction. In the BZ-AOT system, amonolayer shell of
the surfactant AOT (sodium bis(2-ethylhexyl) sulfosuccinate) sur-
rounds the water nano-droplets in which the reaction takes place.
The AOT shell reversibly sequesters a large amount of Br2 (a key
species that plays the role of a fast-diffusing inhibitor), thus reduc-
ing the effective diffusion coefficient of Br2 in the oil phase. The
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related problem of diffusion of Ca2+ ions in a cell with mobile and
immobile buffers has been treated by Wagner and Keizer [6].
In experiments analogous to those on the FIS system, we

have recently observed (unpublished result) quasi-stationary
spots in another pH oscillator, the BrO−3 –SO

2−
3 –Fe(CN)

4−
6 –Al(OH)3

(BSFA) reaction, in a one-sided CFUR (continuously fed un-
stirred reactor). This system is composed of the well-known bro-
mate–sulfite–ferrocyanide (BSF) [7] oscillatory reaction coupled to
the Al(OH)3 precipitation equilibrium [8,9]. We suggest that these
patterns arise as the result of reversible coupling of free protons
to large particles of precipitated Al(OH)3. Thus, in both the FIS and
the BSFA system, coupling between H+ and large particles, which
act as a buffer, can lead to dissipative patterns.
In this work, we examine this idea further by investigating the

velocity of front propagation in a gel loaded with the components
of the BSFA system, as well as by measuring the diffusion
coefficients of key components of the BSFA system in a gel in the
presence and absence of Al(OH)3 precipitate. We also carry out
a theoretical investigation of this problem, both analytically and
numerically.We note that patterns in the bromate–sulfite reaction
have been studied in a CFUR [10], and front propagation in the
bromate–sulfite reaction in an aqueous system without gel was
investigated in order to examine the effect of convection on front
propagation [11].

2. Experimental and results

The front velocity was measured in a long, narrow slice of
gel (polyacrylamide or agarose) sandwiched between two flat
glass plates as described elsewhere [12] and shown in Fig. 1a.
The gel was first immersed in an aluminum nitrate solution for
15 min. Next, we added the sulfite and the indicator solution
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Fig. 1. (a) Snapshots of a polyacrylamide gel slice with a propagating pH front,
taken at (from bottom to top): 0, 220, 300, 360, and 1520 s. (b) Space–time
plot (4.15 mm × 680 s) made along the long axis of the gel (0.3 mm thick) at
[Fe(CN)4−6 ]0 = 0.015 M, [SO2−3 ]0 = 0.075 M, [H+]0 = 0.02 M, [BrO−3 ]0 =
0.065 M, [Al3+]0 = 0.01 M, [Bromophenol blue] = 1.1 × 10−3 M. Dotted lines
show the slopes from which the front velocities were measured. (c) Autocatalytic
reactions in a stirred tank reactor at [Fe(CN)4−6 ]0 = 0.015 M, [SO

2−
3 ]0 = 0.075 M,

[BrO−3 ]0 = 0.065 M, [Al3+]0/M = (curves 1 and 2) 0.01, (3) 0; [H+]0 =
(curves 1 and 3) 0.02 M and the initial pH is adjusted to 7.15 (by adding 0.1 M
NaOH) in curve 2.

and waited for 5 min. Finally, since the induction time of the
reaction is between 7 and 10 min, depending on initial conditions,
we immersed the gel in a solution containing the remaining
components of the BSFA system for 2 min. As a result of this
procedure, the initial concentrations of bromate and ferrocyanide
in the gel may be slightly less than in the solution, but keeping the
time of immersion constant gives the same initial concentrations
of BrO−3 and Fe(CN)

4−
6 for different experiments. The initial pHwas

approximately 7.
We then initiated the front by switching one end of the gel

to pH 3 by touching it with another piece of a gel prepared at
the lower pH. The front converts the system from an unstable
state at pH 7 to a stable steady state (SS) at low pH (the final pH
depends on the concentration of Fe(CN)4−6 and can vary between
2 and 4.3). We followed the front propagation with a CCD camera
either at wavelength 410 nm, which corresponds to the absorption
of ferricyanide, or, with added pH indicator, bromophenol blue,
at 600 nm (the indicator changes from blue at pH > 4.6 to
yellow at pH < 3). If we follow the reaction using the absorption
of ferricyanide, we observe only one simple front similar to a
typical Fisher–Kolmogorov (FK) front that links the stable and
unstable SSs. If we use the pH indicator, we can see two fronts
as shown in Fig. 1a. The first is the same as the front seen by
monitoring ferricyanide, and both methods of observation gave
the same velocity under the same set of conditions. The second
front emerges after the global autocatalytic reaction transforms the
entire gel stripe: the gel suddenly turns yellow, and behind this
fast autocatalytic front the gel turns blue again. This phenomenon
causes the observed wavy stripes in Fig. 1a. The second front can
be observed only using a pH indicator and cannot be seen by
following the ferricyanide concentration changes in the absence of
added indicator.We therefore conclude that these changes involve
only the H+ concentration. On the other hand, the second front
does not appear without ferrocyanide. Note also that increasing
the initial ferrocyanide concentration decreases the front rate
and increases the induction period of the autocatalytic reaction.
The last circumstance is convenient, since it allows more time to
observe front propagation before global autocatalysis begins.
A typical space–time plot for front propagation is shown in

Fig. 1b. The velocities of the two fronts were obtained as the slopes
of this plot. The slope of the dashed line separating the white and
black regions during the first few minutes gives us the velocity of
the first front. Then there is a transition from the high to the lowpH
state in the entire gel (the nearly horizontal white line in Fig. 1b).
This transition is followed almost immediately by a rebound in the
pH, which can be observed in the color change of the indicator
(gray region in the space–timeplot,which implies that the pHmust
be above 4.6). After this pH rebound, a second, much slower front
returns the system to the stable SS at smaller pH. The velocity of
this front corresponds to the slope of the dashed line separating
the white and gray regions. In the BSF systemwithout Al3+, we see
only a single front, and the system simply goes from the unstable
high pH initial state to the stable low pH SS, as in the lower portion
of Fig. 1b.
To try to understand the behavior of the fronts, we ran the

reaction under similar conditions in a stirred closed reactor. Fig. 1c
shows the resulting pH–time curves. In the absence of added Al3+
(curve 3) there is a single sharp transition between the initial and
final states, in good agreement with the simple front observed
in the BSF system. Curves 1 and 2 show the pH changes when
Al(NO3)3 is present. The initial pH of curve 2was adjusted to about
7 to more closely mimic the experimental conditions in the gel.
Even without adjusting the initial pH (curve 1), it is clear that the
pH changes much more rapidly in the presence of [Al3+]0. In both
of the curves with added Al3+ we observe a sudden increase of
the pH after the initial fast autocatalytic reaction between bromate
and sulfite. This rise corresponds to the fast pH increase when
the indicator turns blue again in the gel experiments. Then, at
sufficiently high [Al3+]0, the pH decreases slowly for about an hour
until it reaches pH ∼ 3, corresponding to the slow second front;
after that it rises again and after 3 h stabilizes at pH = 4.3. If
[Al3+]0 ≤ 0.006 M, the system stabilizes between pH 2 and 3.
The first front, which depends on the autocatalytic reaction

between sulfite and bromate, is similar to a Fisher–Kolmogorov
front, though the initial high pH state in our case is not the
true steady state, which coincides with an unreachable zero
concentration of protons. Therefore its behavior is more generic,
and we focus our efforts (both experimental and theoretical)
on this first front. The dependence of the velocity of this
front on [Al3+]0 in polyacrylamide gel is shown in Fig. 2. The
front propagation speed decreases with the initial aluminum
concentration and can be approximated as 1/v = 1/v0 + c[Al3+]0,
where c ∼= 268 min/(mm ×M), [Al3+]0 is the total concentration
of added Al-ions, and v0 is the front velocity in the corresponding
BSF system (without aluminum).We observe a similar dependence
of v on [Al3+]0 in agarose gel. The velocity of the second front also
decreases with [Al3+]0.
It is well known [13] that the velocity v of a Fisher–Kolmog-

orov front depends on the autocatalytic rate, k, and the diffusion
coefficient of the activator (H+ in our case), Dh, as 2(kDh)1/2. In
Fig. 1c, we see that the rate of autocatalysis does not diminish
in the presence of Al(OH)3. Therefore the decrease in v with
Al(OH)3 can be explained by the decrease in the effective diffusion
coefficient Dh. To test this idea, we carried out measurements of
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Fig. 2. Dependence of front velocity in the BSFA system on Al3+ in polyacrylamide
gel at [Fe(CN)4−6 ]0 = 0.015 M, [SO2−3 ]0 = 0.075 M, [H+]0 = 0.02 M, and
[BrO−3 ]0 = 0.065 M. Rhombs, v; open circles, v

−1 .

diffusion coefficients in a glass gel holder. The glass surface was
made hydrophobic with (tridecafluoro-1,1,2,2-tetrahydrooctyl)
trichlorosilane. The gel layer was 1 mm thick and 10 mm wide. A
layer of solution injected next to the gel had the same volume as
the gel. We followed the diffusion of ferricyanide and of protons
with a CCD camera. Space–time plots of these measurements have
a parabolic shape (Fig. 3a). We obtained the relative diffusion
constants by plotting the square of the front position vs. time
and using the relationship 〈x2〉 = 2cpDt , where x is the mean
displacement (front position), D is the diffusion coefficient, t is the
time, and cp is a constant of order 1 that depends on the exact
‘‘position’’ of the front and can be larger or smaller than unity
depending on the [H+] chosen to specify that position. We do not
know cp, since we do not know the relationship between [H+] and
the gray levels in Fig. 3a. Therefore our measurements of Dh are
accurate only in a relative sense.
The diffusion coefficient of ferricyanide DF did not change

significantly with the concentration of Al(OH)3 in the gel (Fig. 3b).
The small increase in DF seen in Fig. 3b is within our experimental
error (10%–20%). On the other hand, the effective diffusion
coefficient of H+ decreasedwith [Al(OH)3]. In both acrylamide and
agarose gels, addition of 0.01 M Al3+ decreased the diffusion rate
of protons by a factor of 6 to 7.

3. Theoretical analysis

To get more insight into the front propagation observed in
our rather complex system, we can abstract the key features and
represent them by simple models, which we examine in detail.
We note that there are two different sets of protonation reactions
that can affect the speed of the front. These are the autocatalytic
protonation of the sulfite substrate, which can be found in three
different forms: H2SO3, HSO−3 , and SO

2−
3 and the protonation of

the precipitate Al(OH)3 to form Al(OH)+2 and Al(OH)
2+ We start

by considering these protonation reactions separately and in a
simpler form, taking into account only two forms for the substrate
and two for the precipitate. Later, we will look at more complex
systems.

System I. Our first model system is

s+ h→ 2h k1, (M−1s−1) (1)

p0 + h � p1 KP , (M−1) (2)

where

p0 + p1 = p. (3)
Reaction 1 is autocatalysis with substrate s and protons h; it is a
caricature of the sulfite subsystem in the BSF or BSFA reaction and
is a general feature of many pH oscillators. The species P (with
concentration p) can exist in either of two forms: deprotonated
p0 and protonated p1. P can be identified with the large polymer
molecules added to the FIS system [5]. In our BSFA system, P0
may represent either the Al(OH)3 precipitate or the smallmolecule
Al(OH)−2 (with Al(OH)

2− as P1). If P0 is Al(OH)3, reaction 2 may
exhibit more complex kinetics, a case we consider below.
Note that in a stirred system or in a spatially extended system

with DP = 0 (e.g., if P is a large molecule), p is constant in space,
while in a spatially extended system with DP 6= 0, even with an
initially uniformdistribution of p, gradients of p can arise as a result
of the front propagation. System (1), (2) can be described by the
partial differential equations

∂h/∂t = k1sh+ RP + Dh∇2h (4)

∂s/∂t = −k1sh+ DS∇2s (5)

∂p0/∂t = RP + DP∇2p0 (6)

∂p1/∂t = −RP + DP∇2p1 (7)

where RP = −kdp0h+(kd/KP)p1, and kd is the diffusion-controlled
association rate constant (typical for protonation reactions).Dh,DS ,
andDP are the corresponding diffusion coefficients, wherewe have
made the approximation that p0 and p1 have the same value, DP ,
∇ = ∂/∂x, and x is the spatial coordinate. Following [6], we seek
to eliminate the fast equilibrium reaction term RP . We write down
the identity:

h+ p1 = h+ pEP (8)

where p1 = pEP and, assuming that the equilibrium in Eq. (2) is
rapidly established,

EP = KPh/(1+ KPh). (9)

Differentiation of Eq. (8) with respect to time gives

∂h/∂t + ∂p1/∂t = W1∂h/∂t + (∂p/∂t)EP (10)

where

W1 ≡ 1+ pGP (11)

GP ≡ dEP/dh = KP/(1+ KPh)2. (12)

Substituting Eqs. (4) and (7) into the left-hand side of Eq. (10), we
have

k1sh+ Dh∇2h+ DP∇2(pEP) = W1∂h/∂t + (∂p/∂t)EP . (13)

Combining Eqs. (6) and (7) we find

∂p/∂t = DP∇2p. (14)

An analogous, butmore cumbersome, procedure can be carried out
if we allow different DP for p0 and p1. Substituting Eq. (14) into Eq.
(13), we have:

W1∂h/∂t = k1sh+ Dh∇2h+ DP∇2(pEP)− EPDP∇2p. (15)

Expanding the Laplacian terms, for example,

∇
2(pEP) = EP∇2p+ 2∇p • ∇EP + p∇2EP (16)

(‘‘•’’ is the scalar product of two vectors), Eq. (15) becomes

W1∂h/∂t = k1sh+ Dh∇2h+ 2DP∇p • ∇EP + pDP∇2EP . (17)

Note that

∇EP = GP∇h and ∇2EP = GP∇2h+ VP∇h • ∇h (18)

where

VP ≡ −2K 2P /(1+ KPh)
3
= d2EP/dh2 (19)
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Fig. 3. (a) Typical parabolic space–time plot of an H+ diffusion measurement. 1.4 × 10−4 M bromophenol blue indicator in the acrylamide gel was used to see the
proton diffusion. The space–time plot was made along a 14.69 mm × 3800 s gel slice of 1 mm thickness. (b) Effective diffusion coefficients as a function of Al3+ . (∆)
for 0.02 MK3[Fe(CN)6] in polyacrylamide gel (right scale); (�) for 0.01 M HCl in agarose gel and (�) in polyacrylamide gel (left scale). The ionic strength was adjusted with
KCl (or NaCl) up to the usually used value 0.12 M.
and Eq. (17) transforms to

W1∂h/∂t = k1sh+ (Dh + pDPGP)∇2h+ pDPVP∇h • ∇h
+ 2DPGP∇p • ∇h. (20)

Introducing the effective Fickian diffusion coefficient, Dh*, as

D∗h = (Dh + pDPGP)/W1. (21)

Eq. (20) for ∂h/∂t assumes the final form

∂h/∂t = k1sh/W1 + D∗h∇
2h+ Hh∇h • ∇h+ HP∇p • ∇h (22)

where

HP = 2DPGP/W1 and Hh = pDPVP/W1. (23)

Eqs. (5), (14) and (22) constitute our simplest model. If DP = 0,
e.g., if P represents solid precipitate particles, Eq. (22) becomes

∂h/∂t = (k1sh+ Dh∇2h)/(1+ pGP). (24)

Thus, the effect of the buffer species P in step (2) is to rescale
both the rate of production and the diffusion of protons in step
(1) in a pH-dependent fashion governed by the denominator in
Eq. (24). An analogous rescaling was obtained for the diffusion
of iodide in the CDIMA reaction due to formation of the
starch/triiodide complex [14] and for the diffusion of protons in the
chlorite–tetrathionate reaction due to protonation of carboxylate
groups of the immobile polymer [15].
For the system of Eqs. (5) and (24) with p = constant (since

DP = 0), we can introduce amoving frame r = x−vt with velocity
v that transforms partial differential equations (5), (24) into the
following ordinary differential equations

dh/dr = gh (25)
ds/dr = gS (26)

dgh/dr = −k1sh/Dh − (1+ pGP)vgh/Dh (27)

dgS/dr = k1sh/DS − (v/DS)gS . (28)

The system (25)–(28) has two steady states, gh = gS = h = 0,
s = sin (SS1) and gh = gS = s = 0, h = hf (SS2), where
sin is the initial concentration of substrate s, and hf is the final
concentration of h. Of course, SS1 with h = 0 is impossible (due
to dissociation of water), but we can assume that if an initial state
(in experiment) has very small h0, the resulting experimental front
speed will be close to the theoretical one found below. Later we
analyze numericallywhat happens if the initial h0 is not very small.
Analyzing the linear stability of SS1 (SS2 is a saddle point and
is not of interest [13]), we can write the following equation for
the eigenvalues λ of the corresponding Jacobian matrix for system
(25)–(28)

λ(v/DS + λ)[λ2 + λ(1+ pKP)v/Dh + k1sin/Dh] = 0 (29)
where we use the fact that GP = KP at h = 0. The eigenvalues λ
must be real, because complex values would result in oscillations
around h = 0, which would lead to negative values of h. Therefore,
the discriminant of the quadratic function in (29) must be positive,
which implies that

v > vmin = 2(k1sinDh)1/2/(1+ pKP). (30)

The marginal stability principle [16–18] implies that the front
velocity for Fisher–Kolmogorov type fronts in this systemwill tend
to vmin and that fronts with v > vmin must decelerate.
We expect that a result analogous to Eq. (30) will persist for

small non-zero values of DP . Direct numerical integration of Eqs.
(4)–(7) nicely confirms this result. In our simulations, we found
that the front velocity is directly proportional to k1/21 , D

1/2
h , and

almost independent of DS (at least at DS � Dh). To find how
v depends on p and KP , we used values of diffusion coefficients
close to those in our experiments: Dh = 2 × 10−4 cm2 s−1,
DS = 1 × 10−5 cm2 s−1, DP = 1 × 10−7 cm2 s−1; we also fixed
sin = 10−3 M. We found numerically that 1/v = c1p + b at
constant KP and 1/v = c2KP + b at constant p, where c1, c2, and
b are constants that can be evaluated from Eq. (30) as

b = 1/(4k1sinDh)1/2, c1 = KP/(4k1sinDh)1/2, and

c2 = p/(4k1sinDh)1/2.
(31)

The measured wave speeds are larger than those given by Eq.
(30), but by no more than 20%–30%. A possible explanation for
this small discrepancy is that it takes longer than the time of
our experiment for v to reach its final value of vmin. As predicted
by Eq. (30), our experimental dependence of 1/v on [Al3+]0 is
linear (Fig. 2). The equilibrium constant KP for protonation of the
precipitate in the gel can be obtained as the ratio of the slope of
this plot (c1) to the value of the intercept b.

Subsystem II. Two protonated forms of substrate. Consider now
the following system

s1 + h→ 2h, k1, (32)
s0 + h � s1, KS (33)

where

s0 + s1 = s (34)
s1 = sES (35)
ES = KSh/(1+ KSh). (36)

The corresponding partial differential equations are

∂h/∂t = k1s1h+ RS + Dh∇2h (37)

∂s1/∂t = −k1s1h − RS + DS∇2s1 (38)

∂s0/∂t = RS + DS∇2s0 (39)
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where DS is the same for s0 and s1, RS = −kds0h + (kd/KS)s1, and
kd is the association rate constant. As before, we start from the
identity

h+ s1 = h+ sES . (40)

Differentiation with respect to time gives

∂h/∂t + ∂s1/∂t = W2∂h/∂t + (∂s/∂t)ES (41)

where

W2 = 1+ sGS, GS = ∂ES/∂t = KS/(1+ KSh)2. (42)

Following the same procedure as above, we finally obtain

∂h/∂t = k1shE2S /W2 + D
′

h∇
2h+ HS∇s • ∇h+ Hh∇h • ∇h (43)

∂s/∂t = −k1sESh+ DS∇2s (44)

where

D′h = (Dh + DSsGS)/W2, HS = 2DSGS/W2,

Hh = sDSVS/W2, VS ≡ E ′′S = −2K
2
S /(1+ KSh)

3.
(45)

Numerical simulations show that if DS � Dh, then the front
velocity is almost independent of DS , and we can put DS = 0. In
this case, Eqs. (43) and (44) are considerably simplified, and their
analytical solution can be found. With DS = 0 Eqs. (43) and (44)
become

∂h/∂t = (k1shE2S + Dh∇
2h)/W2 (46)

∂s/∂t = −k1sESh. (47)

Unlike the models analyzed above, Eqs. (43) and (44), (or Eqs.
(46) and (47)) do not describe Fisher–Kolmogorov type (or the
so-called pulled [16]) fronts that correspond to the general one-
variable equation

∂u/∂t = u− un + DU∇2u, n = 2 or 3. (48)

Such systems are characterized by a linear dependence of the
reactive term (u−un) on u in the vicinity of the steady state u = 0.
In the vicinity of the SS, h = 0, s = sin, where

ES ∼= KSh and W2 ∼= 1+ sinKS . (49)

Eq. (46) takes the form

∂h/∂t = (k1sinK 2S h
3
+ Dh∇2h)/(1+ sinKS). (50)

So, the reaction term is proportional to h3. Such fronts belong to
the class of the so-called pushed fronts [16,17] that can emerge in
bistable systems. The technique we used earlier for obtaining the
speed of the front does not work for pushed fronts. Instead we can
employ a technique used for equations of the following type

∂h/∂t = εh+ c1h3 − c2h5 + Dh∇2h (51)

as ε→ 0 [17]. In our case

c1 = k1sinK 2S /(1+ sinKS) (52)

and c2 can be calculated from the equality c2 = c1/h2SS , where
hSS ∼= sin. Hence,

c2 = k1s−1in K
2
S /(1+ sinKS). (53)

As shown by van Saarloos [17], the front velocity at ε = 0 can be
expressed as

v = [Dh/(1+ sinKS)]1/2c1/(3c2)1/2 ∼= (k1sinDh/3)1/2. (54)

We have taken into account here that 1 � sinKS . Eq. (54)
implies that the velocity v is independent of KS . We checked this
conclusion by direct numerical integration of system (37)–(39)
at very different KS . We have found that at k1 = 104 M−1 s−1,
Dh = 2 × 10−4 cm2/s, and s = 0.001 M, the velocity v is almost
independent of KS (KS was varied between 106 and 108 M−1) and
of DS (varied from 0 to 10−5 cm2/s) and is approximately equal
to 3.2 × 10−3 cm/s, which is within 10%–20% of (k1sinDh/2)1/2.
Note the factor of 2 in the denominator, instead of 3 as in Eq. (54).
This small difference may arise from the many simplifications in
arriving at Eq. (54).

Another model. The autocatalytic reaction (32) can be written
differently, namely as

s1 + h→ 3h, k1. (55)

In this case, the final reduced equations (analogous to (46), (47)
at DS = 0) are almost the same, with the exception that Eq. (46)
should be replaced by

∂h/∂t = [k1shES(1+ ES)+ Dh∇2h]/W2. (56)

Using the mass balance equation, h + 2s1 + s0 = constant = sin,
we can express s as

s = (sin − h)/(ES + 1)

and Eq. (56) can then be rewritten as

∂h/∂t = k1(sin − h)hES/W2 + Dh∇2h/W2. (57)

Let us introduce dimensionless variables u = h/sin, τ = tk1sin, and
z = x(k1sin/Dh)1/2. Then Eq. (57) becomes

∂u/∂τ = u2(1− u)E ′S/W2 + (1/W2)∇
2u (58)

where E ′S = KSsin/(1+ KSsinu). For the generic equation

∂h/∂τ = ah2(1− h)+ d∇2h, (59)

which describes a pushed front in a bistable systems, the
dimensionless front velocity is given by [13] v = (da/2)1/2. If we
return to dimensional variables, we have

v = (k1Dh/2KS)1/2. (60)

Now, the front velocity is independent of sin!We note that Eq. (60)
holds only if 1� sinKS .

4. Simulations

Amore detailedmodel.Nowwe consider a slightlymore complex
but still simple model, which is closer to our experimental system,
since it incorporates the protonation of both the substrate s and the
large molecule p. As before, only the protonated form of substrate,
s1, can participate in the autocatalytic reaction.

s1 + h→ 2h k1, (M−1s−1) (61)

s0 + h � s1 KS, (M−1) (62)

p0 + h � p1 KP , (M−1). (63)

Reactions (62) and (63) are very fast, limited by diffusion, and we
assume that they are always at equilibrium. Eqs. (3) and (34) are
still valid.
The reaction–diffusion equations for system (61)–(63) are

∂h/∂t = k1s1h+ RS + RP + Dh∇2h (64)

∂s1/∂t = −k1s1h− RS + DS∇2s1 (65)

∂s0/∂t = RS + DS∇2s0 (66)

∂p0/∂t = RP + DP∇2p0 (67)

∂p1/∂t = −RP + DP∇2p1 (68)
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where RS = −kds0h+ (kd/KS)s1 and RP = −kdp0h+ (kd/KP)p1 as
before.We assign the same diffusion coefficient,DS , to s0 and s1. To
obtain a simpler system of equations, without the fast equilibrium
reactions, we start from the following identity:

h+ s1 + p1 = h+ sES + pEP . (69)

Following the same procedure as before, we arrive at the final
reduced set of equations:

∂h/∂t = k1shE2S /W3 + D
∗

h∇
2h+ HS∇s • ∇h

+HP∇p • ∇h+ Hh∇h • ∇h (70)

∂s/∂t = −k1sESh+ DS∇2s (71)

∂p/∂t = DP∇2p (72)

where

D∗h = (Dh + DSsGS + DPpGP)/W3 (73)

W3 = 1+ sGS + pGP (74)

GS = KS/(1+ KSh)2, VS = −2K 2S /(1+ KSh)
3 (75)

GP = KP/(1+ KPh)2, VP = −2K 2P /(1+ KPh)
3 (76)

HS = 2DSGS/W3, HP = 2DPGP/W3,
and Hh = (sDSVS + pDPVP)/W3.

(77)

Eqs. (70)–(72) constitute our reduced model. Note that if DP = 0,
the non-Fickian transport terms with HS and Hh do not disappear.
In addition to this difficulty, we would like to know how the front
velocity depends on the initial pH, and therefore our initial state
does not coincide with the steady state, where h = 0. In this
case, introduction of the moving frame offers little help in finding
an analytical expression for the front velocity. We have therefore
undertaken extensive computer simulations of system (64)–(68)
as well as system (70)–(72) to check that the latter system yields
an accurate approximation to the full model.
The dependence of v on the large molecule concentration p is

shown in Fig. 4. The calculated front velocities v for systems (64)–
(68) and (70)–(72) are identical at the same parameters, verifying
the assumption that equilibrium is rapidly established in Eqs. (62)
and (63). We find that 1/v depends linearly on p as 1/v = cp + b
with c/b ∼= Kp at any KS and initial h0. If we decrease h0 by
a factor of 10 (from 10−6 M to 10−7 M), then v decreases by the
same factor at any p. If we increase KS by a factor of 10 (from 106
to 107 M−1) then v increases tenfold at any p. It thus appears that
the front speed is proportional to the product h0KS . Note that s1 is
proportional to h0KS at small h.
We also checked the dependence of v on Kp (Fig. 5a) and found

that 1/v = cKp + b with c/b ∼= p. We suggest that, like the very
simple model (1), (2) [see Eq. (30)], the expression for v contains a
factor (1+ pKP)−1.
Varying k1 by two orders of magnitude, we have found that

v ∝ (k1)0.6. The power 0.6 is unexpected, since theory predicts
an exponent of 0.5. The dependence of v on sin (Fig. 5b) is rather
complex at small sin, but above about sin = 0.004 M, v can be
approximated as v ∝ sin. This result is also unexpected, since in
similar systems one usually finds v ∝ (sin)1/2.
We also studied the significance of the non-Fickian transport

terms in Eq. (70).We simulated system (70)–(72)with only Fickian
terms (with D∗h , DS , and DP ), taking HS = HP = Hh = 0, and found
that v is significantly (2–3 times) larger than the value obtained
with the full model at the same parameters (see Fig. 4). All non-
Fickian terms are negative and reduce the front speed.

Diffusion. Eq. (70) demonstrates that protons have an effective
Fickian diffusion coefficientD∗h (Eq. (73)). If we remove the autocat-
alytic reaction (61) and leave only equilibrium reactions (62) and
Fig. 4. Velocity of front propagation in model (61)–(63) as a function of p at
k1 = 104 M−1 s−1 , sin = s = 0.001 M, Kp = 104 M−1 , Dh = 2 × 10−4 cm2/s,
DS = 1 × 10−5 cm2/s, DP = 1 × 10−7 cm2/s. Only small black dots and curve 3
(that fits these dots) belong to the right (K/v) axis. Curve 1, triangles, h0 = 10−7 M,
KS = 107 M−1 , pluses and single rhomb, h0 = 10−6 M, KS = 106 M−1; curve 2,
squares and open circles; h0 = 10−7 M, KS = 106 M−1; pluses and open circles
correspond to the results obtained from simulation of model (70)–(72), rhomb,
triangles, and squares correspond to model (64)–(68); two dashes correspond to
model (70)–(72) without non-Fickian terms at h0 = 10−6 Mand= 106 M−1 . K = 1
and K = 10 for transformations of curves 2 and 1, respectively, into integrated
curve 3 (K/v). Dependence K/v with K = 1 is fitted by straight line 1/v = cp+ b,
with c = 2.91× 106 and b = 2.83× 102 , c/b ∼= Kp .

(63), then we can follow in a computer experiment how a small δ-
function perturbation of h spreads in a one-dimensional system by
recording the root mean square displacement of h, 〈x2h〉

1/2:

〈
x2h
〉
=

∫
∞

−∞

(x− x0)2(h− h0)dx
/∫

∞

−∞

(h− h0)dx (78)

where h0 is the initial equilibrium concentration. We find that

〈x2h〉
1/2
= 2D∗ht. (79)

If p = s = 0, then 〈x2h〉
1/2
= 2Dht , as it should for normal or free

diffusion of h in the absence of buffers.
Model of the real BSFA system. Our full model for the BSFA

system under batch conditions (without any inflow) consists of the
following chemical reactions

3HSO−3 + BrO
−

3 → 3H+ + 3SO2−4 + Br
−

r1 = k1[HSO−3 ][BrO
−

3 ]
(80)

3H2SO3 + BrO−3 → 6H+ + 3SO2−4 + Br
−

r2 = k2[H2SO3][BrO−3 ]
(81)

6HFe(CN)3−6 + BrO
−

3 → 6Fe(CN)3−6 + Br
−
+ 3H2O

r3 = k3[HFe(CN)3−6 ][BrO
−

3 ]
(82)

6Fe(CN)4−6 + BrO
−

3 + 6H
+
→ 6Fe(CN)3−6 + Br

−
+ 3H2O

r4 = k4[Fe(CN)3−6 ][BrO
−

3 ]
(83)

Al(OH)+2 + H2O→ Al(OH)3(s)+ H
+

r5 = k5[Al(OH)+2 ]Θ
(84)

Al(OH)3(s)+ H
+
→ Al(OH)+2 + H2O

r6 = k5KP [H+]Θ + k6[H+][Al(OH)3(s)](1−Θ)
(85)

SO2−3 + H
+ � SO−3 KS1 (86)

HSO−3 + H
+ � H2SO3 KS2 (87)

Fe(CN)4−6 + H
+ � HFe(CN)3−6 KF (88)
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Fig. 5. (a) Front velocity v as a function of Kp in model (64)–(68). The linear dependence, log(1/v − b) = log(Kp)− a, shown in (a) with b = 54 and a = 1.48 is equivalent
to 1/v = 10−a × Kp + b. The ratio 10−a/b is close to p = 10−3; sin = 10−3 . (b) Front velocity v as a function of substrate concentration sin in model (64)–(68) at KP = 104 .
For (a) and (b): k1 = 104 M−1s−1 , KS = 106 M−1 , kd = 1010 M−1s−1 , Dh = 2× 10−4 cm2/s, DS = 1× 10−5 cm2/s, DP = 1× 10−7 cm2/s, p = 10−3 M, h0 = 10−7 M.
SO2−4 + H
+ � SO−4 KSA (89)

Al3+ + 2H2O � Al(OH)+2 + 2H
+ KA (90)

where k1 = 4.9×10−2M−1 s−1 (this work), k2 = 44M−1 s−1 (this
work), k3 = 8.5×10−2M−1 s−1 [9], k4 = 5.5×10−3M−1 s−1 (this
work), KS1 = 6.065× 106 M−1 (log KS1 = 6.78), KS2 = 58.74 M−1
(log KS2 = 1.77) [19], KF = 12589 M−1 (log KF = 4.10) [20,21],
KSA = 38.46 M−1 (log KSA = 1.585) [21]. Rate constants were de-
termined by comparing the pH–time curves obtained from model
simulations with those from our experiments in the stirred tank
reactor. A large number of experiments run under different initial
conditions allowed us to refine the values of k1, k2, and k4 used in
our previous paper [9] (namely 3.3 × 10−2 M−1 s−1, 22 M−1s−1
and 0, respectively). The function Θ is defined as follows. If
[Al(OH)+2 ] > Kp[H+], Θ = 1. In this case, we assume that the
precipitation–dissolution process is in quasi-equilibrium. Precipi-
tate Al(OH)3(s) is formedwith rate k5[Al(OH)+2 ] and dissolveswith
rate k5KP[H+]. The ratio between these rates is the constant KP =
75.86 (log KP = 1.88), which is obtained from the solubility prod-
uct, KS = a0/h3 = 1011.01 M−2, for amorphous Al(OH)3(s) [22,23]
and the stability constant for Al(OH)+2 , KA = 1.35× 10

9 (log KA =
9.13) [23] (KP = KS/KA). The value chosen for k5 has little effect on
the pH–time profiles and the front velocities. We take k5 = 10 s−1.
If [Al(OH)+2 ] < Kp[H

+
], Θ = zero. In this case, only precipitate

dissolution occurs. From literature data [24,25], we know that the
dissolution rate in acidic conditions is proportional to the proton
concentration and to [Al(OH)3(s)]q where q ∈ (2/3, 4/3). In our
calculations, we use k6[H+][Al(OH)3(s)] for the precipitate disso-
lution rate. The value of k6 is crucial for the existence of aminimum
in the pH profile (Fig. 6a). We obtained k6 = 20 s−1 by fitting the
batch experiments (cf. Fig. 1c, Fig. 6a).
The spatially extended system for front propagation in the BSFA

system is described by the following PDEs:

∂s0/∂t = −R7 + Ds0∇2s0 (91)

∂s1/∂t = R7 − R8 − 3r1 + Ds1∇2s1 (92)

∂s2/∂t = R8 − 3r2 + Ds2∇2s2 (93)

∂ f0/∂t = −R9 − 6r4 + Df 0∇2f0 (94)

∂ f1/∂t = R9 − 6r3 + Df 1∇2f1 (95)

∂m0/∂t = −R10 + 3r1 + 3r2 + Dm0∇2m0 (96)

∂m1/∂t = R10 + Dm1∇2m1 (97)

∂b/∂t = −r1 − r2 − r3 − r4 + Db∇2b (98)

∂a0/∂t = −R11 + Da0∇2a0 (99)

∂a2/∂t = R11 − r5 + r6 + Da2∇2a2 (100)
∂a3/∂t = r5 − r6 (101)

∂h/∂t = −R7 − R8 − R9 −−R10 + 3r1 + 6r2 − 6r4 + 2R11
+ r5 − r6 + Dh∇2h (102)

where s0 = [SO2−3 ], s1 = [HSO
−

3 ], s2 = [H2SO3], b = [BrO
−

3 ],
f0 = [Fe(CN)4−6 ], m1 = [HSO

−

4 ], m0 = [SO
−

4 ], a0 = [Al
3+
],

a2 = [Al(OH)+2 ] and a3 = [Al(OH)3(s)]; R7 = kd(s0h − s1/KS1),
R8 = kd(s1h − s2/KS2), R9 = kd(f0h − f1/KF ), R10 = kd(m0h −
m1/KSA), R11 = kd(a0 − a2h2KA) and kd is the diffusion-controlled
reaction rate constant. Our measurements of ferricyanide and
proton diffusion (Fig. 3b) in polyacrylamide gel show that their
diffusion coefficients are close to those in aqueous solution. Hence,
we use diffusion coefficients at infinite dilution in water solution
at 25 ◦C for all species: Dh = 9.3 × 10−5 cm2/s, Db = 1.5 ×
10−5 cm2/s, Df 0 = 0.74 × 10−5 cm2/s [26]. The diffusion
coefficient of Na2SO3 is 1.258× 10−5 for 0.075M Na2SO3 [27]. We
thus set Ds0 = 1.3× 10−5 cm2/s, Ds1 = 1.3× 10−5 cm2/s, Ds2 =
1.5×10−5 cm2/s,Df 1 = 0.9×10−5 cm2/s,Da2 = 0.7×10−5 cm2/s
and Da0 = 0.7 × 10−5 cm2/s. From our dynamic light scattering
measurements we get a value of the order of 10−8 cm2/s for the
diffusion coefficient of the precipitate. In our calculations, we set
this parameter to zero.
We consider front propagation in the presence of precipitate in

a one-dimensional finite closed system, x ∈ [0, L] with ∇ ≡ ∂/∂x
and ∂/∂x(x = 0) = ∂/∂x(x = L) = 0. The initial concentrations at
(t = 0, x) are the same as in the experiment in Fig. 1: b = 0.065M,
s0 = 0.075 M, s1 = s2 = 0, f0 = 0.015 M, f1 = 0, a0 = a2 = 0, and
a3 = ain. A small perturbation: h (at t = 0, x < Lp) = 0.06 M and
h (t = 0, x > Lp) = 0.02 Mwhere Lp � L, is introduced to initiate
the front.
The front velocities v are measured at the inflection points,

where the velocities have their minimum values, in the curves
shown in Fig. 7a. The dependence of v on ain (total amount of
aluminum added) is shown in Fig. 7b. The dependence of 1/v on ain
is almost linear: 1/v = 1/v0+ cain, c = 328 min/(mm×M), if we
ignore the last point at ain = 0.04 M. At large ain, the time needed
to reach the true minimum velocity (the theoretical minimum)
may be longer than the induction time for global autocatalysis, and
therefore our measured value of vmay exceed the expected value.
Themodel (91–102) describes the experimental system quite well.
It gives pH–time curves similar to those observed in the stirred
tank reactor (cf. Figs. 1 and 6a). It also reproduces the patterns
of fronts observed in the polyacrylamide gel experiments (Figs. 1
and 6b) and the decrease of the front velocity with increasing total
aluminum concentration ain.
In the models presented in Section 3 we assume that solubility

of the precipitate [p0 = p/(1 + Kph), Eq. (2)] is proportional
to total concentration of aluminum, p. However, in precipitation



764 K. Kovacs et al. / Physica D 239 (2010) 757–765
Fig. 6. (a) pH profile for ain = 0.01 M in batch system. (b) Space–time plot for ain = 0.005 M. Grayscale changes from white (pH < 3) through gray (pH 4.6) to black
(pH > 5).
Fig. 7. (a) Front coordinate (at pH 4.6) as a function of time for the total
concentrations of aluminum ain = 0, 0.0015 M, 0.003 M, 0.01 M, and 0.04 M (from
top to bottom). (b) Dependence of the minimum front velocity in the BSFA model
on the total concentration of aluminum.

equilibrium, the concentrations of soluble forms of aluminum in
the solution above the precipitate (solubility) depend only on the
pH. In this section, we study such a situation. In the model (91)–
(102), the solubility is equal to

a = a0 + a2 = Kph(1+ KAh2) (103)

if we consider Eqs. (84), (85) and (90) as fast equilibria. For the
model (91)–(102) we can derive a result similar to Eq. (20):

∂h/∂t = [3(r1 + r2)(Es − Em)− 6(r3 + r4)(1− Ef )
+ (3+ 2Ea)(r5 − r6)]/W
+ [(Dh + GssDs + Gf fDf + GmmDm + 2GaaDa)/W ]∇2h

+DS[Vss(∇h)2 + 2Gs∇s • ∇h]/W
+Df [Vf f (∇h)2 + 2Gf∇f • ∇h]/W

+Dm[Vmm(∇h)2 + 2Gm∇m • ∇h]/W

+ 2Da[Vaa(∇h)2 + 2Ga∇a • ∇h]/W (104)
where

s = s0 + s1 + s2, f = f0 + f1, m = m0 +m1,
Es = (KS1h+ 2KS1KS2h2)/(1+ KS1h+ KS1KS2h2),
Ef = KFh/(1+ KFh), Em = KSAh/(1+ KSAh),

Ea = −1/(h2KA + 1), W = 1+ Gss+ Gf f + Gmm+ 2Gaa,
Gs = dEs/dh
= KS1(KS1KS2h2 + 4KS2h+ 1)/(1+ KS1h+ KS1KS2h2)2,

Gf = KF/(1+ KFh)2, Gm = KSA/(1+ KSAh)2,

Ga = 2KAh/(1+ KAh2)2,
Vs = d2Es/dh2 = −2KS1(K 2S1K

2
S2h

3
+ 6KS1K 2S2h

2

+ 3KS1KS2h+ KS1 − 2KS2)/(1+ KS1h+ KS1KS2h2)3,
Vf = −2K 2F /(1+ KFh)

3, Vm = −2K 2SA/(1+ KSAh)
3,

Va = −2KA(3h2KA − 1)/(h2KA + 1)3.

In deriving Eq. (104) we assume that Ds0 = Ds1 = Ds2 = Ds,
Df 0 = Df 1 = Df , Dm0 = Dm1 = Dm, Da0 = Da2 = Da. We see
that the Fickian term

D∗h = (Dh + GssDs + Gf fDf + GmmDm + 2GaaDa)/W (105)

depends on a, but a does not depend on ain = a + a3 (see
Eq. (103)). Nevertheless, the front velocity decreases when ain is
increased (Fig. 7b). We conclude that this decrease results from
the slow dissolution of precipitate below pH = 4.34 (for ain =
0.01 M), the second term in the rate expression of Eq. (85). This
precipitate dissolution is an additional factor that can decrease
the front velocity, especially at lower ain, when nearly all the
precipitate is dissolved behind the front. This effect constitutes
a significant difference between polymer buffer systems (such as
poly(acrylate) or poly(vinyl alcohol)) and precipitation systems
like the one considered here.
As we did for Eq. (70), we can analyze the non-Fickian terms

in Eq. (104). The terms Gs, Gf , Gm and GA are positive for all h.
Hence, the terms 2Gs∇s•∇h and 2Gf∇f •∇h are negative (because
the gradients of h and of s and f point in opposite directions)
and therefore decrease the front velocity. The term 2Gm∇m • ∇h
is positive and increases the front velocity, but it is small at the
leading edge of the front, and it is important only at low pH and
whenm is large, i.e., behind the front. Finally, 2Ga∇a•∇h is positive
and makes a positive contribution to the front velocity. Because
Vs, Vf , and Vm are negative for all h, the terms Vss(∇h)2, Vf f (∇h)2,
and Vmm(∇h)2 are negative and retard the front. Va is positive for
h2 < 1/(3KA) and changes sign above this value. At h2 = 1/KA
(pH = 4.56) Va is minimum; it approaches zero for large proton
concentrations. Hence, the equilibrium (90) decreases the front
velocity for h2 > 1/(3KA) (pH < 4.80).
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5. Discussion

We have investigated front propagation in a buffered system in
which H+ is the autocatalytic species from three points of view:
experimental, theoretical, and numerical simulations. We now
attempt to bring these results together. Our experiments show that
the speed of front propagation decreases with the concentration of
Al(OH)3, which acts as a buffer for protons. However, Al(OH)3 is
not a simple buffer, since the slow dissolution of precipitate and
possible surface reactions may affect the kinetics of the system.
Nonetheless, we have treated it as a simple buffer to simplify our
models while maintaining the overall effect of Al(OH)3 on the
dynamics of the system. The theoretical analysis demonstrates
that our front is a pulled front rather than a pushed one, due to
protonation of the substrate sulfite (reactions 86 and 87), despite
the fact that this front links an unstable initial state to the stable
final steady state. In addition, our initial state is not the steady
state,which further complicates the theoretical analysis. As a result
of this complexity we have, for example, a strong dependence of
the front velocity on the initial h0 and the expected dependence
of the front velocity on the initial substrate concentration, v ∝
(sin)1/2, is replaced by v ∝ sin (see Fig. 5b).
We have focused on the dependence of v on the concentration

of buffer (ain, the total concentration of all protonated and
deprotonated forms of Al, or p in the simpler model 1–3). The
experiment (Fig. 3) points out that this dependence arises from a
decrease in the effective diffusion coefficient D∗h of protons, which
can be expressed by Eq. (73) as D∗h ∝ A1/(A2 + A3p) (when
Dp ∼= 0, the variable p in model (61)–(63) plays the same role
as ain in model (80)–(90)), where A1, A2, and A3 are constants. If
we assume the usual dependence of v on D, as v ∝ (D∗h)

1/2,
we reach the incorrect conclusion that v−1 ∝ (A2 + A3p)1/2. The
experiments (Fig. 2), our simple theoretical analysis Eq. (30), and
the more complex simulations (Fig. 4 and Fig. 7b) all agree that

v−1 ∝ v−10 + cain (106)

where the constant c depends on the protonation constant KP ,
(Dh)−1/2, and some other parameters. The dependence of the front
velocity in the chlorite–tetrathionate reaction on the concentration
of immobile COO− groups of methacrylate, cM (cM is analogous
to ain) [15] also obeys Eq. (106) (as we can recalculate from the
dependence shown in Fig. 4 of Ref. [15]), if cM is smaller than some
critical value at which the front instability starts. Since the rate of
autocatalysis in the chlorite–tetrathionate reaction is proportional
to [H+]2, while in our case the rate of autocatalysis is proportional
to [H+] for model (1)–(2) and to [H+]3 for model (32) and (33) (see
Eq. (50)), we suggest that relation (106) may apply to any type of
autocatalysis.
In our full model (80)–(90), the protonation with equilibrium

constant KP and the slow dissolution of precipitate a3 with rate
constant k6 both affect the front velocity and contribute to the
expression (106).
The full model (91)–(102) can be reduced to a much simpler

model like Eqs. (70)–(72), where all fast equilibrium reactions are
eliminated and Fickian (e.g., D∗h∇

2h) and non-Fickian (e.g., HS∇s •
∇h) transport terms are introduced. Analogous non-Fickian terms
were obtained in the case of diffusion of free Ca2+ in a buffered
medium [6]. These non-Fickian terms significantly reduce the
speed of the front and contribute to the dependence (106).
The dependence of D∗h on the buffer concentration p Eq. (73)

shows that D∗h can be quite small at high p, if Dp, the diffusion
coefficient of the buffermolecules, is very small. In systems like the
FIS reaction [1–5], such a small D∗h may give rise to Turing patterns.
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